We present the full evolution of the velocity for a massive particle, along with the equation of state we are able to analytically compute the energy density and pressure evolution. Therefore, is easy to compute the perturbation equations for any massive decoupled particle, i.e. warm dark matter (WDM) or neutrinos, treated as fluid. Using this approach we analytical calculate the moment when the WDM stop being relativistic, anr, which is just 15% difference with respect to the exact Boltzmann solution. Using the fluid approximation the matter power spectrum is computed fast and with great accuracy, the cut-off in structure formation due to the free-streaming, λ f s , of the particle, characteristic for a WDM particle, is replicated in both matter power spectrum and halo mass function, in which we found up to 30% correction on the Jeans mass. We also show that the matter power can be computed using a fitting formula that involves only the cut-off scale, k f s . This formulation can be integrated in comprehensive numerical modeling reasonable increasing the performance in the calculations.
I. INTRODUCTION
The most successful model to describe the Universe is the ΛCDM model, which supported by observational evidence such as the Cosmic Microwave Background (CMB) anisotropies [1] , galaxy redshift surveys [2] , type Ia Super Novae [3] arrive to the conclusion that the content of the Universe is composed of 65% dark energy driving the accelerated expansion of the Universe, 31% dark matter (DM) whose clustering feature influence the large scale structure formation, and the rest 4% is baryonic matter. Therefore is important to have useful tools to study the main components of the Universe in order to get a glance on its nature.
Most DM particles that have been proposed have nonnegligible velocities in the early Universe where it is assume that DM particles are in thermal contact with the primordial bath, decouple when still relativistic, and then become non-relativistic when the Universe is still radiation-dominated, when the primordial clumps begins to cluster to form large scale structures. Therefore, the moment when DM become non-relativistic is important and directly proportional to its mass. Depending on how large is the mass the DM is known to be cold, CDM, if m cdm ∼ O(MeV). This kind of DM particles stop being relativistic and start clustering object at a very early time. DM with mass around m wdm ∼ O(KeV) are known to be warm, WDM, whose main attribute is that its dispersion velocity wipes out some density concentrations of matter and, therefore, induce a cut-off scale into the mass halo function [4] .
Having a cut-off scale is an appealing dark matter feature because it conciliate observations with theoretical * jhmastache@mctp.mx † macorra@fisica.unam.mx predictions, for instance, the number of satellite galaxies in our Galaxy is smaller than the expected from CDM simulations, the so-called missing satellite problem [5] [6] [7] . Solutions to this problem had also been pursued through baryon physics -star formation and halo evolution in the galaxy may be suppressed due to some baryonic process and the discussion is still in progress [8] [9] [10] . Perhaps the two most important quantities to study the cosmological impact of DM are the, the amount of energy density today Ω dmo , and the moment when these particles become non relativistic (given by the scale factor a nr ). There may be a third parameter, the velocity dispersion of the DM particles at a nr , its value may reflect the nature of the DM, for instance, an abrupt transition to the non-relativistic DM epoch that may suggest of DM subject to a phase transition [11] .
Rough approximation are usually made to account for the evolution when being relativistic (a < a nr ) and when DM became non-relativistic (a > a nr ). But here we present a simple analytic approach for a massive particles which is valid for all times characterised by having a non-negligible thermodynamic velocity dispersion [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . With this approach we are able to compute the fluid approximation for the perturbation equations for any massive particles, i.e. WDM, given the analytic solution for the energy density evolution we were able to reproduce the most appealing feature of WDM, the cut-off in the matter power spectrum [12] [13] [14] [15] . For example, a m wdm = 3KeV is analytically computed to have a a nr = 3.14 × 10 −7 while the Boltzmann exact solution gives a nr = 2.73 × 10 −7 , just a 15% difference. In general, the percentage difference between the numerical value obtained from Boltzmann equations and the analytic one of a nr is on average 18% in a mass range 1-10 keV.
In this work we make use of natural units, c = 1. We present the work as follows: in Sec.II we present the the-oretical warm dark matter framework, compute the perturbations of the WDM model, III A, and the mass halo function and finally compute the free streaming scale. We present the our conclusions in Sec. IV.
II. DM FRAMEWORK
Relativistic particles with peculiar velocity, v, and mass m has a momentum p = γmv, and energy
The particle is relativistic when the velocity is v ∼ 1 or equivalently when p m. The particle is non-relativistic when v 1, this is p m. It is common to establish that a particle becomes non relativistic when p = m [12] , when this happens, from Eq.(1), the velocity is simply v nr = 1/ √ 2 with γ nr = √ 2, thus γ nr v nr = 1. Quantities with subindex nr are evaluated at a nr .
In an expanding FRW Universe, the momentum of a relativistic particle redshift as p(a) = p nr (a nr /a) = m(a nr /a). Therefore, the velocity at all moments in an expanding Universe evolves as
Eq.(2) describes the exact velocity evolution of a decoupled massive particle. 
The pressure of any generic particle is given by P = |p| 2 n/3 E and the energy density is given by ρ = E n, with n being particle number density, |p| 2 is the average quadratic momentum and E the average energy of the particles. Therefore the equation of state (EoS) is given by
The EoS of DM have been investigates using the CMB and large scale structure (LSS) [25] , and gravitational lensing data. [26, 27] confirming that DM should be cold when strucuture began to cluster. We integrate the continuity equation,ρ = −3H(ρ+P ), using Eq.(3) to obtain the analytic evolution of the background ρ bdm (a). For all a we have, when a nr a o and a nr a we have
then, the fluid behave as matter. Moreover, when a nr a o and a a nr we have
since the last quantity is a constant the fluid behaves as radiation. As seen in Eq.(2)) a massive particle (WDM or CDM) becomes non-relativistic at a nr with v(a nr ) = 1/ √ 2 and has only one free parameter, the scale factor a nr . Therefore the physics of any massive particle with smooth continuous velocity transition can be described by a nr or the mass of the particle, i.e. m wdm . We plot ω bdm in Fig.1 .
More complex approaches have been studied [28] [29] [30] [31] where they toke generalized properties of DM such as the sound speed and viscosity and put constrains with observational datasets.
A. m wdm − anr relation Several constraints has been placed around the mass of the WDM based on different methods then it would be useful to have a relation between the mass (m wdm ) and the momento when DM become non relativistic (a nr ). Among current constrains on the mass of WDM are the ones based on the abundance of redshift z = 6 galaxies in the Hubble Frontier Fields, m wdm > 2.4 keV [32] . Based on galaxy luminosity function at z ∼ 6 − 8, m wdm > 1.5 keV [33] . Using lensing surveys such as CLASH, m wdm > 0.9 keV [34] . The highest lower limit is given by the high redshift Ly-α forest data which put lower bounds of m wdm > 3.3keV [35] .
The evolution of energy density of WDM particle for all the evolution of the Universe is given by Eq.(4), the WDM energy density evolve as matter with ρ(a) ∝ a −3 when a a nr . The non-relativist limit of the EoS is w 3T /M at a nr , and use Eq.(3) to approximate w = 3T /M = v 2 /3 to obtain the relationship T = M v 2 /9 at a nr . The relativistic energy density is given by ρ(T ) = (π 2 g x /30)T 4 valid a ≤ a nr which becomes
We equate both equations for the energy density evaluated at a nr , ρ(a nr ) = ρ(T nr ), and obtain
We know that v(a nr ) = 1/ √ 2 for WDM, and we assume g x = 7/4 for a neutrino type fermion, the scale factor where WDM becomes non-relativistic is then a nr a o = 3.14 × 10 −7 ω dmo 0.120
With the numerical code CLASS we obtained the EoS for a 3 keV WDM particle and look at the moment where it becomes non-relativistic, to find that the numerical value a wdm nr = 2.73 × 10 −7 , just a 13% different with respect to the expected value.
We can relate the time when two different WDM become non-relativistic from Eq. (7) and we find
In TableI we show some WDM cases (m wdm = 1, 3, 10 keV) in which we compare the numerical results for a nr obtained from this analytical calculations and the ones obtained from solving the Boltzmann equations using the numerical code CLASS for a non-cold DM.
III. LARGE SCALE STRUCTURE IN BDM SCENARIO
In order to compute the cut-off scale, first we compute the Boltzmann equations for WDM, using the fluid approximation in CLASS.
A. Perturbations
We follow [36] to compute the fluid limit to the perturbed equations in k-space in the synchronous gauge for the WDM 
where δ is the contrast, θ is the velocity parameter and σ is the anisotropic stress perturbations. The dot represent the derivative respect to the conformal time, τ ≡ dt/a(t), H is the Hubble parameter.
In Eq. (11) we have taken the anisotropic stress approximation for massive neutrinos [28] and ignore thė η term that slightly the computation of the matter power spectrum [37] . We have also used the relatioṅ ω = −2Hω(1 − 3ω).
Throughout this paper, we adopt Planck 2018 cosmological parameters [1] unless is specify otherwise. For the several simulations we adopt a flat Universe with Ω c h 2 = 0.12, and Ω b h 2 = 0.02237 as the CDM matter and baryonic omega parameter. h = 0.6736 is the Hubble constant in units of 100 km/s/Mpc, n s = 0.965 is the tilt of the primordial power spectrum. z reio = 7.67 is the redshift of reonization and ln(10 10 A s ) = 3.044, where A s is the amplitud of primordial fluctuations.
In Fig.2 we show the dimensionless matter power spectrum obtained with CLASS code [38] taking into account WDM fluid approximation, Eqs. (9)- (11) . We show the The effect of the free-streaming (computed below in subsection III C) is to suppress structure formation below a threshold scale, therefore the matter power spectrum show a cut-off at small scales depending the value of m wdm , equivalently a nr . The smaller the scale of the transition, the mass is bigger, the power is damped at smaller scales. Transitions of the order ot a nr < ∼ 10 −8 WDM is indistinguishable from CDM at observable scales, k ∼ O(10), this corresponds to m wdm ≥ 100 keV.
The CMB power spectrum con also be computed, but the difference with respect the fiducial ΛCDM model is barely perceptible one can notice an increased the height of the acoustic peaks of less than 1% because difference respect CDM, this increment is the free-streaming also increase the acoustic oscillations.
B. Halo Mass Function
The change in the matter power spectrum is known to strongly affect large scale structure, we compute the the abundance of structure using the PressSchechter approach [39] . With the linear matter power spectrum (see Sec.III) as an input we compute the halo mass function as
where n is the number density of haloes, M the halo mass and the the peak-height of perturbations is given by
where δ c = 1.686 is the overdensity required for spherical collapse model in a ΛCDM cosmology. The average density is ρ = Ω m ρ c , where ρ c is the critical density of the Universe.
Here Ω m = Ω c + Ω b . The variance of the linear density field on mass-scale, σ 2 (M ), can be computed from the following integrals
Here we will use the sharp-k window function W (x) = Θ(1 − kR), with Θ being a Heaviside step function, and R = (3cM/4πρ) 1/3 , where the value of c = 2.5 is proved to be best for cases similar as the WDM [40] . Finally for the first crossing distribution F(ν) we adopt [41] , that has the form
with ν = 0.707ν, p = 0.3, and A = 0.322 determined from the integral constraint f (ν)dν = 1.
C. Free-streaming scale
The thermal velocities of the dark matter particles have a direct influence on structure formation. While DM particles are still relativistic, primordial density fluctuations are suppressed on scales of order the Hubble horizon at that time. This is call the free-streaming scale and depends on the moment when a massive particle becomes non-relativistic a nr .
The smoothing comoving free streaming scale λ f s is defined by In the last equation, the first integral assume a radiation dominated Universe with t ∝ a 2 , and the second one a matter dominated Universe with t ∝ a 3/2 . The freestreaming scale is defined by the mode k f s and a mass M f s contained in sphere of radius λ f s /2 given by
For mass-scales less than Jeans mass,M < ∼ M f s , freestreaming erases all peaks in the initial density field therefore the number of structures below this mass scale should be significantly reduce in numbers. We show this behavior in Fig. 3 , where we compare CDM and WDM mass functions.
Let us now determine the comoving free streaming scale, λ f s using the fiducial approximations. It is standard to assume that in the relativistic regime v wdm = 1 for a < a nr . While in the non-relativistic regime (a > a nr ) it is assume v wdm = a nr /a. With these choices of v one gets the usual free streaming scale λ f s (a eq ) = 2t nr a nr 1 + Log a eq a nr (19) However the velocity equation presented here, Eq.(2), has some serious advantages for WDM over the assumptions taken to compute Eq. (19) . First, we do not need to distinguish between the relativistic and non-relativistic regime, Eq. (2) is a general equation valid for all a. Second, Eq.(2) integrates the concept of stop being relativistic, this happens when v wdm = 1/ √ 2, which in turn came from establishing that p = m hold in that moment. Third, Eq. (2) is simple enough that we can integrate Eq. (17) to obtain,
Let us now take the limit a nr /a eq 1 to get The analytic solution of the comoving free streaming after the moment of equivalence is given by
The last term in Eq. (23) is the highest relativistic correction but it accounts for less than 1% for the value of λ f s .
However, the correction in Eq. (20) has an impact on the free streaming of 5% less compare with previous results (Eq.(19) ), this seems to be low, however, we may consider its implication when computing the mass contained within a sphere of radius R = λ f sb /2, or M f s . The correction in M f s could be around 30% increment in some cases. For instance, for a 10 keV mass WDM using Eq. (21) with a Jeans mass of M f s = 8.56 × 10 9 M /h 3 , 28% more mass than previous result, this is, using Eq. (19) for which the free streaming is λ f s = 0.73 Mpc/h and M f s = 6.67 × 10 9 M /h 3 . In TableI we summarize some results for λ f s , k f s and the Jeans mass M f s for different masses of WDM.
A good parametrization for the MPS for WDM can be found in [12] . Inspired in this parametrization we propose to fit the transfer function as
so all three parameters α, β and γ remains dimensionless. Using the exact value for a nr to compute k f s , computing the λ f s using Eqs. (21) and (23), we get that the values that best fit the transfer functions are α = 0.29 ± 0.01 β = 2.31 ± 0.04 γ = −3.05 ± 0.13 ,
in the mass range (1 -10) keV for WDM. Notice that the standard error for all three parameters are small, specially for α and β. The value of β is actually close to previos works [42] that obtained β = 2.24, however we find a significantly difference previous values of γ = −4.46. We also want to highlight that α is almost a constant value for different masses of WDM, while previously was a function that depends on the mass of the WDM. Therefore the dependance of the transfer function on the mass of the WDM particle is in the free-streaming scale, k f s , and not in the parameter α, β or γ.
IV. CONCLUSION
We have presented a generalization for the velocity dispersion of particles, Eq.(2), which is valid for any massive particle, such as, WDM and massive neutrinos, generically also known as non-cold DM. This velocity is function of the scale factor and it also depends on the moment the particle become non-relativistic, a nr . The general expression for the velocity has some serious advantages that must be taken into account and can be enumerated: (1) Eq.(2) embrace the concept that a particle stoped being relativistic when p = m, therefore it have been proven that one-to-one relation between a nr and the mass of the particle, i.e. m wdm , can be found. (2) It is a simple and describe a smooth transition between relativistic to nonrelativistic regimes fo the particle. (3) The continuity equation can be solve and therefore is straight forward to compute the perturbation equations treated as fluid, which is terms of computational effort could save a significant amount of time. (4) A slight difference in the CMB power spectrum can be found, less than 1%, but more importantly, the cut-off in the linear matter power spectrum due to the free streaming, λ f s , can be replicated with great accuracy as well as in the halo mass function, which is one of the most appealing features for WDM. (5) The transfer function depends only on the mass of a WDM particle through the free-streaming scale, k f s (Eq. (18)).
We use the 3 keV WDM as a base example, which becomes non-relativistic at a nr = 3.14 × 10 −7 , only 13% above the value obtained from solving the Boltzmann equations encoded in CLASS. In general, the percentage difference between the numerical value computed from Boltzmann equations and the analytic one is on average 18% in the mass range 1-10 keV. Calculation on the the free-streaming scale, λ f s , show that Eq.(2) implies a 5% correction on its value, which is reflected in a 30% correction in the Jeans mass, M f s , this order of correction is been found it the interesting range of WDM masses.
This framework where we include the dispersion velocity of the dark matter particle may be incorporated in a broad number of observational cosmological probes, theoretical analyzes and N-body simulations, including forecasts for large scale structure measures, i.e. weak lensing [43] , future galaxy clustering measures of the power spectrum [44] . From future observation from large to smallscale clustering of dark and baryonic matter may be able to put more feasible constrains on a nr and therefore on the WDM mass, m wdm .
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